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We apply the Wigner function formalism from quantum optics via two approaches, Wootters’ discrete Wigner
function and the generalized Wigner function, to detect quantum phase transitions in critical spin- 12 systems.
We develop a general formula relating the phase space techniques and the thermodynamical quantities of spin
models, which we apply to single, bipartite and multi-partite systems governed by the XY and the XXZ models.
Our approach allows us to introduce a novel way to represent, detect, and distinguish first-, second- and infinite-
order quantum phase transitions. Furthermore, we show that the factorization phenomena of the XY model
is only directly detectable by quantities based on the square root of the bipartite reduced density matrix. We
establish that phase space techniques provide a simple, experimentally promising tool in the study of many-body
systems and we discuss their relation with measures of quantum correlations and quantum coherence.
I. INTRODUCTION
The use of quantum information tools in understanding
many-body quantum systems continues to be a fertile line
of research [1–3]. In particular, the use of entanglement
and more general forms of quantum correlation, i.e. quan-
tum discord and coherence, to spotlight quantum phase transi-
tions (QPTs) and extract their critical exponents has cemented
the important role that such figures of merit play in unravel-
ing the curious properties of many-body systems [4–27]. In-
deed, while QPTs only strictly occur at zero-temperature, ap-
proaches based on these quantum information theoretic tools
have revealed that signatures of these phenomena persist even
at finite temperatures and can be rigorously studied [1].
From quantum optics, the original continuous Wigner func-
tion, which is a quasi-probability distribution in phase space,
is known to be a valuable tool in assessing the non-classical
nature of systems with continuous spectra [28]. The extension
of the Wigner function to finite dimensional systems has been
challenging, several attempts have been initiated [29], but un-
til recently none provided a function with the features of the
continuous Wigner function. For instance, Wootters’ discrete
Wigner function (DWF) [30–32], one of the tools at the heart
of this work, can only be applied to (sub)systems having a
prime dimentionality. Nevertheless, such semi-classical tools
have been shown to be useful in studying the dynamic prop-
erties of many-body systems [33–37]. Recently the so-called
generalized Wigner function (GWF) has been proposed [38]
that alleviates the issues arising from other approaches for ex-
tending the use of the Wigner function and provides a com-
plete description for any arbitrary quantum system. As we
will show, there is a natural connection between the two for-
malisms when applied to certain settings, i.e. critical spin sys-
tems.
Recently, it has been established that the Wigner function
can be used to define a bonafide measure of quantum correla-
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tions [39, 40]. Therefore, given the clear relationship between
correlation measures and QPTs, it is natural to ask whether
and how the Wigner function can be used to explore criticality.
In this work we show that using phase space techniques offers
a uniquely broad picture of the properties of these systems. In
particular, the formalisms provide a useful tool that allows for
the systematic study of single, bipartite and multipartite sys-
tems. In addition, we show that they are useful in spotlighting
first, second, and continuous order QPTs, in studying ground
state factorization, and both the GWF and the DWF allow us
to identify which combinations of spin-spin correlation func-
tions are relevant for characterizing the critical properties of
the systems. Thus, beyond being a useful tool in the study of
QPTs, we establish that such phase space techniques can pro-
vide insight into why a particular behavior may be observed
for a given measure of quantum correlations across a QPT.
The remainder of the paper is organized as follows. In
Sec. II we outline the DWF and the GWF formalism at the ba-
sis of our single and multi-sites analysis. We apply these tech-
niques in Sec. III to two paradigmatic spin systems, the XY
model which exhibits a second-order quantum phase transi-
tion and ground-state factorization, and the XXZ model which
exhibits a first- and a continuous (or infinite)-order quantum
phase transition. Finally, we conclude and summarize our re-
sults in Sec. IV.
II. WIGNER FUNCTIONS
A. Wootters’ Discrete Wigner Function
The original formulation for the Wigner function provides
a phase space representation of quantum states with contin-
uous degrees of freedom [41, 42]. For discrete systems,
several methods have been developed to represent a quan-
tum system with a finite dimensional Hilbert space in phase
space [43]. Among these techniques, the formalism for the
discrete Wigner function (DWF) for systems with exactly
N (prime number) orthogonal states developed by Woot-
ters [30, 31] provides a natural candidate for our purposes.
For such systems the phase space is an N×N grid, labelled
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2(a) One qubit
0 1
0 . .
1 . .
p1
x1
(b) Two qubits
00 01 10 11
00 . . . .
01 . . . .
10 . . . .
11 . . . .
(p1, p2)
(x1, x2)
TABLE I: Discrete phase space for (a) one qubit and (b) two
qubits
by a pair of coordinates (x, p), each taking values from 0 to
N − 1 and for each coordinate we define the usual addition
and multiplication mod N. If the dimension of the system is
N = qk, with q a prime and k an integer greater than 1, the
phase space is constructed by performing the k-fold Cartesian
product of q×q phase spaces. Naturally, the simplest example
one can consider is a system with two orthogonal states, i.e. a
qubit with N = 2, whose discrete phase space consists of four
points, while for a composite system of two qubits, i.e. N=22
the phase space is formed by 16 points, cf. Table I. Each point
in the phase space is described by the discrete phase point op-
erator, Aˆ(xi, pi). For a single qubit it is given by
Aˆ(x1, p1) =
1
2
(
1 + (−1)x1σz + (−1)p1σx + (−1)x1+p1σy
)
, (1)
where σi (i = x, y, z) are the usual Pauli operators. For com-
posite systems the phase point operators are constructed from
the tensor product of the phase point operators of the corre-
sponding subsystems, i.e. Aˆ(x1 . . . xk, p1 . . . pk) = Aˆ(x1, p1) ⊗
Aˆ(x2, p2)⊗· · ·⊗Aˆ(xk, pk). Since the Aˆ(xi, pi)’s form a complete
orthogonal basis of the Hermitian N×N matrices, any density
matrix can be decomposed as ρ=
∑
(xi,pi)
W(xi, pi)Aˆ(xi, pi), where
the real-valued coefficients
W(xi, pi) =
1
N
Tr(ρAˆ(xi, pi)), (2)
correspond to the DWF and N is the dimension of the overall
system.
B. The Generalized Wigner Function
We will also use the formalism developed by Tilma et
al [38] which generalizes the Wigner function to arbitrary
quantum states. Following Ref. [38], the original Wigner
function can be written in terms of the displacement Dˆ and
the parity Πˆ operators as
Wρˆ(Ω) =
(
1
pi~
)n
Tr
(
ρˆDˆ(Ω)ΠˆDˆ†(Ω)
)
, (3)
where Dˆ(Ω)ΠˆDˆ†(Ω) = ∆ˆ(Ω) represents the kernal of the func-
tion, ρˆ is the density matrix describing the system and Ω is
any full parametrization of the phase space such that Dˆ and
Πˆ are defined in terms of coherent states Dˆ(Ω) |0〉 = |Ω〉 and
Πˆ |Ω〉 = − |Ω〉. A distribution Wρˆ(Ω) can describe a Wigner
function over a phase space parametrized by a set of Ω’s, if
there exists a kernel ∆ˆ(Ω) that generates Wρˆ(Ω) according to
the Weyl rule
Wρˆ(Ω) = Tr
(
ρˆ∆ˆ(Ω)
)
, (4)
and, as stated in [38], also satisfy the following Stratonovich-
Weyl correspondences
1. We can fully reconstruct ρˆ from Wρˆ(Ω) and vice
versa, via the mapping Wρˆ(Ω) = Tr
(
ρˆ∆ˆ(Ω)
)
and ρˆ =∫
Ω
Wρˆ∆ˆ(Ω)dΩ.
2. Wρˆ is always real and normalises to unity.
3. If ρˆ is invariant under global unitary operations then so
is Wρˆ.
4. The overlap between states, defined by the definite inte-
gral
∫
Ω
Wρˆ′Wρˆ′′dΩ = Tr (ρˆ′ρˆ′′), exists and is considered
a unique property of the Wigner function.
An extension of Eq. (3) to finite-dimensional systems requires
the construction of a kernel ∆ˆ(Ω) that reflects the symmetries
of the system at hand. For a qubit, Tilma et al [38] argued that
the parity operator Πˆ has analogous properties to σˆz which
rotates the qubit by pi about the z-axis of the Bloch sphere
in the Pauli representation, while the SU(2) rotation operator
Uˆ(θ, ϕ, φ) = eiσˆzϕeiσˆyθeiσˆzφ is equivalent to the displacement
operator Dˆ in that Uˆ(θ, ϕ, φ) displaces the two level quan-
tum state along the surface of the Bloch sphere. This line of
thought leads to the following kernel for a qubit
∆ˆ(θ, ϕ) =
[
UˆΠˆ
(
Uˆ
)†]
, (5)
where θ∈ [0, pi2 ] and ϕ∈ [0, 2pi] parameterize the representation
in phase space and Πˆ = 12
(
1 − √3σˆz
)
is a Hermitian operator.
Due to the commutation of σˆz with Πˆ, φ does not contribute
in the function. The generalization to a composite system of
qubits is straightforward by performing the tensor product
∆ˆ(θ, ϕ) =
N⊗
i
UˆΠˆ
(
Uˆ
)†
. (6)
The choice of the kernel ∆ˆ(Ω) and the set of parameters Ω is
not unique to define the Wigner function.
III. APPLICATION TO SPIN MODELS
In this section we apply the Wigner function formalism to
two physical models of interest, the XY model and the XXZ
chain both of which can be described by a real and Z2 sym-
metric Hamiltonian H. As they exhibit rich quantum critical
behavior, quantum spin chains are the most natural candidate
to investigate how phase space methods can explore criticality.
3A. The XY model
The Hamiltonian of the spin− 12 anisotropic XY model with
periodic boundary conditions, is given by
HXY =−
N−1∑
i=0
[
λ
2
{
(1+γ)σxiσ
x
i+1 + (1−γ)σyiσyi+1
}
+σzi
]
, (7)
where λ is the coupling strength, γ ∈ [0, 1] represents the
anisotropy parameter, N is the number of spins and σx,y,zi are
the usual Pauli matrices. The XY model is an integrable model
and can be diagonalized through a Jordan-Wigner mapping
followed by a Bogoliubov transformation [44, 45]. In addition
to the second order quantum phase transition (2QPT) occur-
ring at λc=1 for 0<γ<1, this model exhibits a non-trivial fac-
torization line, where the ground state of the model becomes
completely factorized
λ f =
1√
1−γ2
(8)
and is understood as an entanglement transition which is char-
acterized by an energy level degeneracy [8, 9, 19, 46].
1. Single site
We start by considering a single site taken by performing
the partial trace over all the other sites of an infinite chain.
The reduced density matrix ρi can be expressed as
ρi =
1
2
3∑
α=0
〈σα〉σαi , (9)
plugging Eq. (9) in Eq. (2) and taking into account the reality
of the density matrix and the Z2 symmetry of quantum spin− 12
chains, the DWF for one site takes the form
W(x1, p1) =
1
2
(
1 + (−1)x1〈σz〉
)
. (10)
Due to the Z2 symmetry, the single site DWF only depends on
x1 and thus the DWF in this case consists of two distinct be-
haviors as depicted in Fig. 1(a) and (b) and Table. II. Choosing
γ=0.5 we see the concavity of the DWF changes after crossing
the critical point, λc=1, which is further reflected by a diver-
gence at λc in the first derivative of the DWF with respect to λ.
For this value of γ the factorization point at λ f ∼ 1.1547 and
we find that the single site DWF shows no signatures of this
phenomenon, which is to be expected since the reduced den-
sity matrix depends only on the magnetization and contains
no information about correlations within the chain.
Turning our attention to the single site GWF, plugging the
reduced density matrix Eq. (9) in the Weyl rule Eq. (4) we find
GWFρi (θ)=
1
2
(
1 − √3 cos(2θ)〈σz〉
)
. (11)
The single site GWF is insensitive to the angle ϕ which is due
0 1
0 — —
1 -.- -.-
p1
x1
TABLE II: Discrete phase space for the single site XY model.
Each symbol corresponds to a particular curve shown in
Fig. 1.
0.0 0.5 1.0 1.5 2.0
0.0
0.2
0.4
0.6
0.8
1.0
W
(x
;p
)
(a)
W(0; p)
W(1; p)
0.0 0.5 1.0 1.5 2.01.5
1.0
0.5
0.0
0.5
1.0
1.5
W
(x
;p
)
(b)
W(0; p)
W(1; p)
0.0 0.5 1.0 1.5 2.0
0.25
0.00
0.25
0.50
0.75
1.00
1.25
G
W
F
i
(c)
= 0
= 37
0.0 0.5 1.0 1.5 2.0
2
1
0
1
2
G
W
F
i
(d)
= 0
= 37
FIG. 1: (a) Discrete Wigner function and (b) its first
derivative with respect to λ for the single site XY model,
Eq. (7). The two distinct behaviors of W(x; p) and ∂λW(x; p)
correspond to the appropriate phase space points indicated in
Table II. Panels (c) and (d) show the behavior of the
maximum (θ = 0), the minimum (θ ∼ 3pi/7) of the GWF (c)
and their first derivative with respect to λ (d), for the XY
model. In all plots γ=0.5.
to the Z2 symmetry. It is evident that Eq. (10) corresponds to
a particular choice of angle θ in the GWF, Eq. (11). In Fig. 1
we focus on two limits of Eq. (11) by fixing the value of the
parameter θ. For θ = 0 (θ ∼ 3pi/7) Eq. (11) is maximized
(minimized). In Fig. 1(c) we see an abrupt change in both
limits after crossing the critical point λc =1 which is reflected
in the first derivative of the GWF with respect to λ [panel (d)]
by a divergence at the critical point λc. However, similarly to
the analysis of the single site DWF, no sign of the factorization
point manifests in the GWF. Due to the simple form of the
single site density matrix, we find that both Eqs. (10) and (11)
are directly related to the σx coherence measures studied in
Ref. [12]. Furthermore, this is consistent with the fact that the
presence of the interference terms in the original continuous
Wigner function of a given quantum state indicates quantum
coherence within the state.
2. Two site
We extend our analysis to the case of a system of two sites
i and j of an infinite quantum chain, with i < j separated by
some lattice spacing m= j− i. The reduced density matrix can
4be expressed as
ρi,i+m =
1
4
3∑
α,β=0
pαβσαi ⊗ σβi+m, (12)
where pαβ = 〈σαi σβi+m〉 are the spin-spin correlation functions,
(α, β) = 0,1,2,3. Substituting Eq. (1) and Eq. (12) into Eq. (2)
after some manipulation we find the two-site DWF can be con-
cisely expressed as
Wρi j (x1, x2; p1, p2) =
1
16
(
1 +
[
(−1)x1 + (−1)x2 ]〈σz〉
+(−1)p1+p2〈σxiσxi+m〉 + (−1)x1+x2〈σziσzi+m〉
+(−1)x1+x2+p1+p2〈σyiσyi+m〉
)
.
(13)
On inspection it is evident that the DWF for a given choice of
(xi, pi) involves contributions from the various spin-spin cor-
relation functions as well as the magnetization, which are cen-
tral to spotlighting critical behavior. An advantage of Eq. (13)
is that it allows for a panoramic view of the properties of the
system. In particular, evaluating the various DWF allows to
focus on contributions that are relevant in exhibiting the crit-
ical behavior. Since a given correlation measure will often
depend on only specific spin-spin correlation functions, eval-
uating Eq. (13) also allows a window into understanding the
behavior of measures of quantum correlations across QPTs.
A further advantage of Eq. (13) is that any given DWF is
experimentally accessible [47]. It is worth emphasizing that
this expression is not specific to the models considered in this
work, but applies to any Hamiltonian that is real and exhibits
Z2 symmetry.
It is well known that various measures of bipartite quantum
correlation accurately pinpoint the 2QPT [4–8, 10–14] of this
model, therefore since the DWF is constructed from combi-
nations of correlation functions that enter into the definition
of such measures, it is not surprising that we find a qualita-
tively similar behavior. In line with these previous studies,
Fig. 2(a) shows the first derivative of the DWFs for a pair of
nearest neighbor spins. We see that there are six characteris-
tic behaviors, cf. Table III, and all of them clearly signal the
2QPT by showing a divergence in the first derivative at the
critical point. Thus, as all discrete phase space points exhibit
a qualitatively similar behavior, choosing to study any one in
particular is sufficient to study the QPT.
It is interesting to note that, despite being dependent on all
the relevant spin-spin correlation functions, there is no evi-
dence of ground state factorization in the behavior of ∂λWρi j .
Furthermore, it was shown for some coherence measures [12],
the factorization phenomenon is connected to an inherited dis-
continuity at the level of √ρi j instead of ρi j. Inspired by this
observation, we find a consistent behavior in the DWF by cal-
culating ∂λW√ρi j in Fig. 2(b). Now we find that the DWF de-
velops a finite discontinuity at the factorization point for all
six characteristic behaviors. The physical significance of this
observation remains to be understood [27].
Finally we examine the long range behavior of the DWF in
the XY model. Fig. 2(c) and (d) depicts the first derivative of
the DWF for a pair of spins i and j= i+m separated by m=20.
00 01 10 11
00 -.- — — -.-
01 - - - . . . . . . . . . . . . - - -
10 - - - . . . . . . . . . . . . - - -
11 , F F ,
(p1, p2)
(x1, x2)
TABLE III: Discrete phase space of the XY model . Each
symbol corresponds to a particular curve shown in Fig. 2.
0.0 0.5 1.0 1.5 2.0
0.75
0.50
0.25
0.00
0.25
W
ij
(a)
0.0 0.5 1.0 1.5 2.0
0.75
0.50
0.25
0.00
0.25
0.50
W
ij
(b)
0.0 0.5 1.0 1.5 2.0
1.0
0.5
0.0
0.5
1.0
W
i,
i+
20
(c)
0.0 0.5 1.0 1.5 2.0
1.5
1.0
0.5
0.0
0.5
1.0
W
i,
i+
20
(d)
FIG. 2: First derivative with respect of λ of the discrete
Wigner function of (a) Wρi j and (b) W√ρi j for a pair of nearest
neighbor spins for the XY model. The six distinct behaviors
correspond to the appropriate phase space points indicated in
Table III. (c) and (d) show the same quantities for the
long-range case of a pair of spins separated by 20 sites. In all
panels γ=0.5
For all phase space points, both first derivatives with respect
to λ of Wρi,i+20 and W√ρi,i+20 diverges at the critical point λc =1,
revealing the 2QPT, while the discontinuity at the factoriza-
tion point persists at long range only at the level of the first
derivative of W√ρi,i+20 , which is consistent with the previous
finding in the case of nearest neighbors.
As with the single site case, we extend the GWF formalism
to the case of a system composed of two sites i and j with
i < j, separated by some lattice spacing m = j − i. Plugging
the reduced density matrix ρi j, Eq. (12), into the Weyl rule
Eq. (4), the two site GWF can be expressed as
GWFρi j (θi, ϕi, θ j, ϕ j)=
1
4
[
1 − √3
(
cos 2θi + cos 2θ j
)
〈σz〉+
3 cos 2ϕi sin 2θi cos 2ϕ j sin 2θ j〈σxiσxj〉 + 3 sin 2θi sin 2θ j
sin 2ϕi sin 2ϕ j〈σyiσyj〉 + 3 cos 2θi cos 2θ j〈σziσzj〉
]
. (14)
In line with the DWF analysis, the GWF is written in terms
of the various correlation functions with the additional depen-
50.6
0.8
1.0
1.2
1.4
1.6
1.8
(a)
GWFρij
GWF√ρij
GWFρi, i+20
GWF√ρi, i+20
λ
−0.05
0.00
0.05
0.10
(b)
GWFρij
GWF√ρij
GWFρi, i+20
GWF√ρi, i+20
0.0 0.5 1.0 1.5 2.0
λ
−6
−5
−4
−3
−2
−1
0
∂λGWFρij
∂λGWF√ρij
∂λGWFρi, i+20
∂λGWF√ρi, i+20
0.0 0.5 1.0 1.5 2.0
λ
−1.25
−1.00
−0.75
−0.50
−0.25
0.00
0.25
0.50
∂λGWFρij
∂λGWF√ρij
∂λGWFρi, i+20
∂λGWF√ρi, i+20
FIG. 3: The two sites GWF of the XY model taking γ = 0.5
in Eq. (14) [upper panels] and its first derivative with respect
to λ [lower panels] for (a) θi =θ j =pi/2; ϕi =ϕ j =2pi and (b)
θi =θ j =ϕi =ϕ j =0 in the case of nearest and the 20th neighbor
using ρi j and
√
ρi j.
.
dence on the set of angles (θi, ϕi, θ j, ϕ j). Again we see that
Eq. (14) is an extension of Wootters’ DWF.
Fig. 3 shows the behavior of the two site GWF for the XY
model with γ = 0.5 for two angle configurations: (θi =θ j =ϕi =
ϕ j = 0) and (θi = θ j =pi/2;ϕi =ϕ j = 2pi). Focusing on the upper
panels of (a) and (b), we see an inflection point for both con-
figurations for nearest neighbors (blue line) and 20th neigh-
bors (green line) at the critical point λc =1. As with the DWF,
the factorization point can only be directly detected by ex-
amining the GWF for √ρi j, where a discontinuity appears in
the derivative. However, the factorization phenomenon comes
with an additional property: the value of the GWF at the fac-
torization point is constant for any lattice distance m which
can be seen clearly for the GWFρi j and GWF√ρi j in Fig. 3.
Such a behavior was first noted for the quantum discord in the
same model [8, 48]. This property can be understood when
looking at the energy levels of finite-sizes of the XY chain,
where an energy-level crossing between the ground state and
the first excited state take place exactly at the factorization
point [8, 9, 46] which forces the spin-spin correlation func-
tions to have a constant value at any distance m.
3. Multi-sites
A significant advantage of the GWF approach is it can read-
ily be extended to multipartite systems. Here we examine
a three site system of the XY model. The reduced density
0.50
0.75
1.00
1.25
1.50
1.75
(a)
GWFρijk
GWF√ρijk
λ
0.0
0.2
0.4
0.6
0.8
1.0
(b)
GWFρijk
GWF√ρijk
0.0 0.5 1.0 1.5 2.0
λ
−6
−4
−2
0
∂λGWFρijk
∂λGWF√ρijk
0.0 0.5 1.0 1.5 2.0
λ
−8
−6
−4
−2
0
∂λGWFρijk
∂λGWF√ρijk
FIG. 4: The three sites GWF of the XY model taking γ = 0.5
in Eq. (18) and its first derivative with respect to λ for (a)
θi =θ j =pi/2; ϕi =ϕ j =2pi and (b) θi =θ j =ϕi =ϕ j =0 in the case
of nearest neighbor spins.
matrix ρi jk, taken by performing the partial trace over the
infinite chain except the sites (i, j, k), expressible as ρi jk =
1
23
∑3
α,β,γ=0〈σαi σβjσγk 〉σαi ⊗ σβj ⊗ σγk and the full expression for
the GWF, Eq. (18) is provided in the appendix. While in prin-
ciple one could also consider the DWF for this case, in general
the discrete phase space will consist of 64 behaviors, making
it difficult to visualize. Furthermore, as we have established
from the single and two-site analyses, the DWF corresponds
to particular choices for the angles entering into the GWF. In
analogy with the analysis of the two sites GWF, we consider
two angle configurations: θi = θ j = θk = pi/2;ϕi = ϕ j = ϕk = 2pi
and θi = θ j = θk = ϕi = ϕ j = ϕk = 0 of the three sites GWF. In
Fig. 4 we see that in the multipartite case continues to spot-
light the second order QPT for both sets of angles, however
no sign of the factorization point can be seen. The failure of a
multipartite non-classicality indicator to witness the factoriza-
tion point is remarkable and is at variance with the behavior
of certain indicators of multipartite entanglement which van-
ish in the thermodynamic limit [19].
B. The XXZ model
As a second interesting candidate system, we consider the
XXZ model with periodic boundary conditions
HXXZ = 14
N∑
i=1
σxiσ
x
i+1 + σ
y
iσ
y
i+1 + ∆σ
z
iσ
z
i+1, (15)
6(a) (b) (c)
2 1 0 1 2 3 4 5 6
0.050
0.025
0.000
0.025
0.050
0.075
0.100
0.125
W
2 1 0 1 2 3 4 5 6
0.10
0.05
0.00 W
2 1 0 1 2 3 4 5 6
0.0
0.5
1.0
(2)W
2 1 0 1 2 3 4 5 6
0.02
0.04
0.06
0.08
0.10
0.12
W 2 1 0 1 2 3 4 5 6
0.02
0.00
W
2 1 0 1 2 3 4 5 6
0.025
0.000
(2)W
2 1 0 1 2 3 4 5 6
0.00
0.02
0.04
0.06
0.08
0.10
0.12
W 2 1 0 1 2 3 4 5 6
0.000
0.025
0.050 W
2 1 0 1 2 3 4 5 6
0.50
0.25
0.00
(2)W
FIG. 5: Discrete Wigner function for a pair of nearest neighbor spins in for the XXZ model, Eq. (15). The three distinct
behaviors correspond to the appropriate phase space points indicated in Table IV.
00 01 10 11
00 F - - - - - - F
01 × × × ×
10 × × × ×
11 F - - - - - - F
(p1, p2)
(x1, x2)
TABLE IV: Discrete phase space of the XXZ model. Each
symbol corresponds to one of the three characteristic
behaviors shown in Fig. 5.
where ∆ is the anisotropy parameter. The phase diagram is
split into three regions, separated by two different QPTs. For
∆≤−1, the system is in a ferromagnetic (gapped) phase and at
∆ =−1 a first-order quantum phase transition (1QPT) occurs.
For −1 < ∆ < 1, the system is in a gapless (Luttinger liquid)
phase and at ∆=1 an infinite-order continuous quantum phase
transition (CQPT) occurs, known as the Kosterlitz-Thouless
QPT [49]. Finally, for ∆ > 1, the system enters the anti-
ferromagnetic (gapped) phase. The equilibrium properties of
this model have been well studied, and in particular various
measures of bipartite quantum correlations and their behavior
across the different QPTs have been explored [7, 10, 23–25].
While entanglement and quantum discord were shown to re-
veal the critical points, their qualitative behaviors were shown
to be strikingly different [10]. Here, by examining the DWF
and the GWF we can shed greater light on these behaviors
and show that when extremization procedures are employed,
features spotlighting criticality becomes more pronounced.
Due to the form of Eq. (15) we find that no relevant in-
formation about the critical properties of the system can be
revealed by studying only the single site density matrix. This
is simply due to the fact that the single site density matrix
depends only on 〈σz〉, which is constant for the XXZ model.
Therefore, for the remainder we will focus on the two site set-
ting.
For the XXZ model we find that the two-site DWF cal-
culated following Eq. (13) exhibits three distinct behaviors
shown in Fig. 5 and Table IV as a function of ∆, and
their corresponding first and second derivatives for nearest-
neighboring sites. Let us first consider the behavior of the
DWF at the corners of the discrete phase space i.e. (00,00),
(00,11), (11,00) and (11,11) [cf. Fig. 5 (a)]. We see that the
DWF is discontinuous at the 1QPT ∆ =−1 while it reaches
a minimum at the CQPT at ∆=1, after which the DWF ap-
proaches zero with increasing anisotropy. This behavior is
qualitatively identical to that of the entanglement measured
via concurrence which in this case is simply 2|〈σxiσxj〉|. The
relationship is evident due to the fact that the DWF at these
points depends on both 〈σxiσxj〉 and 〈σziσzj〉. It is interesting
that by direct calculation we confirm that the negativity of the
DWF coincides with the presence of entanglement in the state,
inline with a negative behavior of the continuous Wigner func-
tion implying genuine non-classicality of the state [39, 40].
The second significant behavior is located at phase space
points (00,01), (00,10), (11,01), and (11,10) shown in Fig. 5
(b) where, in contrast with the previous cases, signatures of
the critical points are less evident immediately in the behavior
of the DWF. For ∆<−1 these functions are constant and exhibit
a sudden change at the 1QPT. On inspection we can see a point
of inflection around ∆ = 1.5. Looking at the first derivative of
the DWF we see that it presents an amplitude bump at ∆ = 1.5,
and the second derivative is divergent at ∆ = −1 and around
∆ = 1. The more peculiar behavior seen in this DWF is due
to the destructive interference at these phase space points be-
tween the two terms that control the DWF which are 1+〈σziσzj〉
and −2〈σxiσxj〉, and the inflection point seen arises from a sud-
den change in the concavity of −2〈σxiσxj〉. Thus, unlike in
the XY model where all DWFs readily witness the 2QPT, the
DWF in these four points can only easily signal the 1QPT
exactly, while for the CQPT it shows only some anomalies
around ∆ = 1. However, we will revisit this behavior in the
context of extremization procedures shortly.
Finally we consider the remaining eight phase space points,
Fig. 5 (c). Here the DWF depends solely on a single term,
1 − 〈σziσzj〉, and owing to the fact that spin-spin correlation
functions are discontinuous at ∆ =−1 and that on their own
they fail at revealing the CQPT at ∆ = 1 the DWF at these
points inherits these properties from the 〈σziσzj〉 contribution
which explains why the DWF is discontinuous and its deriva-
tives are divergent at ∆ =−1, while it does not show any spe-
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FIG. 6: (a) Extremization of the DWF following Eq. (16).
The topmost curve shows the maximization WM and the
lower curve shows the minimization Wm. The inset shows the
second derivative with respect to ∆ of WM . (b) The maximum
and the minimum behavior of the GWF for the XXZ model,
Eq. (17).
cial behavior at the CQPT ∆=1.
Several correlation measures involve a minimization or
maximization to be performed and often such correlation mea-
sures standout as the preferred figures of merit for studying
criticality [8, 10–12, 48]. In this regard it is interesting to con-
sider a similar extremization procedure for the DWF. Let WM
and Wm be the maximized and minimized DWF over the dis-
crete phase space, respectively, given by
WM = max(W00,00,W00,01,W01,00),
Wm = min(W00,00,W00,01,W01,00),
(16)
where we have chosen W00,00, W00,01, and W01,00 to capture the
three distinct behaviors exhibited in the discrete phase space.
In Fig. 6(a) we see WM reveals a cusp exactly at the CQPT and
thus its first (second) derivative is discontinuous (divergent) at
the critical point, ∆ = 1, as shown in the inset. This indicates
that the DWF could be a good alternative to correlation mea-
sures that involve extremization procedures due to the com-
parative simplicity in its calculation and its easy physical in-
terpretation following Eq. (13). Looking at ∂2
∆
WM of the DWF
in the inset of Fig. 6(a) and the corresponding second deriva-
tives of the distinct behaviors in discrete phase space shown
in Fig. 5, where we have destructive interference between the
terms that control the DWF (for example the point (00,01)),
we find that both behave quite similarly. Therefore, it appears
that to be able to detect reliably the CQPT, one requires a fig-
ure of merit that includes all the spin-spin correlation func-
tions of the quantum system. This is further evidenced by the
fact that the other parts of the phase space, where only a sin-
gle spin-spin correlation term is dominant, are less sensitive
to this QPT.
We finally consider the two site GWF
GWFρi j (θi, ϕi, θ j, ϕ j)=
1
4
(
1 + 3 cos 2θi cos 2θ j〈σziσzj〉+
3 sin 2θi sin 2θ j cos 2(ϕi − ϕ j)〈σxiσxj〉
)
. (17)
Similarly with the XY model, we are interested in a set of
angles (θi, ϕi, θ j, ϕ j) that yield the maximum (θi = θ j = pi/2
for ∆ ≤ 1 and θi = θ j = pi/4 for ∆ > 1) and the minimum
(θi = θ j = pi/4 for ∆ ≤ 1 and θi = θ j = pi/2 for ∆ > 1) be-
havior of the GWF. One may notice that this procedure does
not depend on the angles (ϕi, ϕ j), this is because they cancel
out in Eq. (17) when they are bounded by the same interval.
Looking at Fig. 6(b) we see that the maximum (minimum) be-
havior of the GWF of the XXZ model is constant when ∆<−1
and shows an inherited discontinuity from the spin-spin corre-
lation functions, at the 1QPT point ∆=−1. Moreover, reaching
the point of the CQPT ∆=+1, the angles describing the maxi-
mum (minimum) behaviors of Eq. (17) switch from pi/4 to pi/2
(pi/2 to pi/4) which manifests as a cusp, revealing the CQPT
at ∆=1 and thus by exploiting an extremization procedure we
are able to faithfully spotlight the CQPT.
IV. CONCLUSION
We have presented an alternative method to study quantum
phase transitions from a phase space perspective using two
approaches: the discrete Wigner function (DWF) and the gen-
eralized Wigner function (GWF). By establishing a connec-
tion between the phase space techniques and the thermody-
namical quantities of a quantum spin- 12 chain, we have shown
the DWF and the GWF to be versatile tools in studying first,
second, and infinite-order quantum phase transitions. Fur-
thermore, we have shown that signatures of ground state fac-
torization is only present in bipartite quantities. In addition,
our approach may provide a promising tool for the experi-
mental investigation of quantum phase transitions following
the procedures proposed in Refs. [47, 50, 51]. Furthermore,
through Equations (10), (11), (13), (14) and (18), a given
DWF/GWF is easily physically interpreted and can be gener-
alized to higher dimensional systems which is a task proven to
be difficult and complex for quantum correlations measures.
Beyond characterizing phase transitions, our approach also
provides insight into the behavior of various correlation mea-
sures and quantum coherence in such systems. While we have
focused on equilibrium systems, we expect our approach to be
useful in examining the dynamical properties of such critical
systems [33–37, 52, 53].
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APPENDIX
Here we report the explicit form of the GWF for a three sites
of the XY chain where we have used Wick’s theorem [59] to
evaluate the three-spin correlation functions finding
GWFρi jk (θi, ϕi, θ j, ϕ j, θk, ϕk) =
1
8
[
1 − √3
(
cos 2θi + cos 2θ j + cos 2θk
)
〈σz〉 + 3 cos 2ϕi sin 2θi cos 2ϕk sin 2θk〈σxiσxk〉
3
(
cos 2ϕi sin 2θi cos 2ϕ j sin 2θ j + cos 2ϕ j sin 2θ j cos 2ϕk sin 2θk
)
〈σxiσxj〉 + 3 sin 2θi sin 2ϕi sin 2θk sin 2ϕk〈σyiσyk〉+
+ 3
(
sin 2θi sin 2θ j sin 2ϕi sin 2ϕ j + sin 2θi sin 2θk sin 2ϕ j sin 2ϕk
)
〈σyiσyk〉 + 3 cos 2θi cos 2θk〈σziσzk〉
+ 3
(
cos 2θi cos 2θ j + cos 2θ j cos 2θk
)
〈σziσzj〉 − 3
√
3 cos 2ϕi sin 2θi cos 2ϕ j sin 2θ j cos 2θk〈σxiσxj〉〈σz〉+
3
√
3 cos 2ϕi sin 2θi cos 2ϕk sin 2θk cos 2θ j〈σxiσxk〉〈σz〉 − 3
√
3 sin 2θi sin 2ϕi sin 2θ j sin 2ϕ j cos 2θk〈σyiσyj〉〈σz〉+
3
√
3 sin 2θi sin 2ϕi sin 2θk sin 2ϕk cos 2θ j〈σyiσyk〉〈σz〉 − 3
√
3 cos 2θi cos 2θ j cos 2θk
(
〈σziσzj〉 − 〈σziσzk〉
)
〈σz〉
]
. (18)
